




Department of Economics 
University of Southampton 










Discussion  Papers in 





THE DYNAMICS OF PUBLIC OPINION 
UNDER MAJORITY RULES 
 
  
 Antonella Ianni       
 and  
 Valentina Corradi 
 









 		  	   
 	h
		    !"#
$	 %	
		  &'  !"
(# )**+
Devwudfw
Wklv qrwh h{sodlqv wkh surfhvv ri sxeolf rslqlrq irupdwlrq yld d orfdoo| lq0
whudfwlyh/ vsdfh0wlph dqdo|vlv1 Wkh prgho zh xvh lv d vshfldo fdvh ri wkh jhq0
hudo iudphzrun iru prghoolqj vrfldo lqwhudfwlrq sursrvhg lq Eoxph dqg Gxuodxi
+5334,1 Lq wkh uhgxfhg irup ri wkh prgho zh vwxg| krz hdfk lqglylgxdo/ zkhq
idfhg zlwk wkh fkrlfh ri rqh/ rxw ri wzr/ rslqlrqv/ whqgv wr frqirup wr wkh rslq0
lrq khog e| wkh pdmrulw| ri khu qhljkerxuv1 Zh frqvlghu gl￿huhqw/ v|pphwulf
dqg dv|pphwulf/ pdmrulw| uxohv1 Ghshqglqj rq wkh vshfl￿f ehkdylrudo uxoh/ wkh
djjuhjdwh surfhvv ri rslqlrq irupdwlrq pd| glvsod| frqwdjlrq rq rqh vshfl￿f
rslqlrq/ ru frqvhqvxv dprqj doo lqglylgxdov lq wkh srsxodwlrq/ ru fr0h{lvwhqfh
ri erwk rslqlrqv1 Zkhqhyhu frqvhqvxv rewdlqv/ zh revhuyh wkh irupdwlrq ri
krprjhqhrxv duhdv +foxvwhuv, wkdw vhhp doprvw vwdwlrqdu| dorqj wkh g|qdplfv1
WNh|zrugv= Pdmrulw| Uxohv/ Sxeolf Rslqlrq/ Frqwdjlrq/ Fr0h{lvwhqfh/ Foxvwhulqj/ Orfdo
Lqwhudfwlrq1
_Wkh dxwkruv zlvk wr wkdqn D1 Srvwhozdlwh dqg wzr dqrq|prxv uhihuhhv iru yhu| khosixo
vxjjhvwlrqv1
hDgguhvv iru Fruuhvsrqghqfh= D1 Ldqql/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Vrxwkdps0
wrq/ Vrxwkdpswrq VR4: 4EM/ X1N11 h0pdlo= d1ldqqlCvrwrq1df1xn
4 	
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Dowkrxjk vfkroduv/ revhuyhuv dqg dqdo|vwv gr qrw vhhp wr djuhh dv wr zkdw sxeolf
rslqlrq dfwxdoo| lv/ wkhuh vhhpv wr eh d zlghvsuhdg frqvhqvxv wkdw lw vkrxog eh vwxg0
lhg dv dq ￿lqwhudfwlyh/ pxowlglphqvlrqdo/ frqwlqxrxvo| fkdqjlqj skhqrphqrq zkrvh
glyhuvh dvshfwv irup fdxvdoo| lqwhuuhodwhg sdwwhuqlqjv￿ +Fuhvsl +4<<:,/ s1 l{￿,1 Wzr
sduwlfxodu dvshfwv duh riwhq hpskdvl}hg lq wkh vrflrorjlfdo olwhudwxuh1 Wkh ￿uvw lv wkh
idfw wkdw lqglylgxdov idfhg zlwk gl￿huhqw fkrlfhv dv wr zkrp 0 ru zkdw 0 wr vxssruw
vkrz d whqghqf| wr eh lq xhqfhg e| wkh rslqlrq ri vrph froohfwlyh pdmrulw| +pxwxdo
dzduhqhvv/ dv gh￿qhg lq Fuhvsl +4<<:,,1 Wkh vhfrqg lv wkdw hqylurqphqwdo frqglwlrqv
wkdw duh vshfl￿f wr hdfk djhqw vhhp wr pdwwhu lq ghwhuplqlqj wkh rxwfrph ri lqgl0
ylgxdo fkrlfhv +vlwxdwlrqdo fruuhodwhv ri rslqlrq/ dv lq Fuhvsl +4<<:,,1 Wkhvh ihdwxuhv
ri wkh sxeolf rslqlrq surfhvv vhhp wr eh zhoo grfxphqwhg lq whupv ri h{shulphqwdo
dqg hpslulfdo hylghqfh1
Wklv qrwh vwxglhv d vlpsoh g|qdplf prgho ri sxeolf rslqlrq irupdwlrq dqg dlpv dw
h{sodlqlqj wkh vw|ol}hg idfw wkdw wkh vxssruw iru rqh/ rxw ri wzr/ lvvxhv dw vwdnh riwhq
vkrzv d kljk ghjuhh ri orfdo krprjhqhlw| dqg shuvlvwhqw furvv0vhfwlrqdo yduldqfh/ wkdw
lv rqo| sduwo| h{sodlqhg e| ixqgdphqwdo gl￿huhqfhv lq hfrqrplf frqglwlrqv1 Dq lqwx0
lwlyh h{sodqdwlrq ri wklv vw|ol}hg idfw lv wkdw hdfk lqglylgxdo pd| vkrz d whqghqf| wr
frqirup wr wkh rslqlrq ri zkdw +v,kh shufhlyhv wr eh wkh rslqlrq ri d froohfwlyh pdmru0
lw|1 Vlqfh frppxqlfdwlrq lv kljko| ghfhqwudol}hg dprqj d odujh jurxs ri lqglylgxdov/
hdfk lqglylgxdo*v shufhswlrq ri vxfk pdmrulw| pd| rqo| eh edvhg rq orfdo ihdwxuhv ri
wkh hqylurqphqw zkhuh lqwhudfwlrq wdnhv sodfh1 Lq sduwlfxodu/ wkh rslqlrq khog zlwklq
wkh vpdoo vxevhw ri dq lqglylgxdo*v qhljkerxuv/ froohdjxhv/ iulhqgv ru uhodwlyhv/ pd|
eh jlyhq d kljkhu zhljkw/ wkhq dq| lqirupdwlrq wkdw lv sxeolfo| dydlodeoh1
Wklv qrwh vkrzv wkdw wkh mrlqw h￿hfw ri orfdo lqwhudfwlrq dqg d whqghqf| wr djuhh
zlwk wkh rslqlrq khog e| wkh pdmrulw|/ frqwulexwh wr h{sodlq wkh fuhdwlrq ri odujh
krprjhqhrxv duhdv1 Wkh zd| wklv lv grqh lv e| prgholqj wkh surfhvv ri sxeolf rslq0
lrq irupdwlrq dv d g|qdplf surfhvv/ fkdudfwhul}hg e| orfdoo| lqwhudfwlyh sdwwhuqv ri
ehkdylru1
Zh srvwxodwh wkdw wkh ehkdylrxu ri hdfk lqglylgxdo lq iruplqj dq rslqlrq lv gh0
vfulehg e| vlpsoh pdmrulw| uxohv/ wkdw zh wdnh dv sulplwlyhv1 Dowkrxjk zh gr qrw
prgho lw lq ghwdlo/ zh vkrz wkdw wkhvh uhgxfhg irupv duh frqvlvwhqw zlwk dq h{solflw
plfurhfrqrplf irxqgdwlrq ri wkh nlqg prghohg lq Eoxph dqg Gxuodxi +5333,/ Eurfn
dqg Gxuodxi +5333/ 5334,/ dqg Gxuodxi +4<<<, iru jhqhudo orfdoo| lqwhudfwlyh vhwwlqjv1
5Dorqj wkhvh olqhv/ lq Ldqql dqg Fruudgl +5333, zh vwxg| d vlpsoh prgho ri suh0
hohfwrudo rslqlrq irupdwlrq wkdw surgxfhv d uhgxfhg irup frqvlvwhqw zlwk pdmrulw|
uxoh ehkdylrxu1
Zh uhihu wr wkh surfhvv ri sxeolf rslqlrq lq lwv froohfwlyh glphqvlrq dv wr wkh
g|qdplf surfhvv jhqhudwhg e| wkh djjuhjdwh ri doo wkh lqglylgxdo ghflvlrqv/ dqg zh
surylgh d vwrfkdvwlf irupxodwlrq ri lwv g|qdplfv1 Lq wkh sdshu zh irfxv rq d fodvv ri
wkuhvkrog ixqfwlrqv dqg vkrz krz vhhplqjo| plqru fkdqjhv lq wkh vshfl￿fdwlrq pd|
kdyh d uhohydqw h￿hfw rq wkh djjuhjdwh surshuwlhv ri wkh surfhvv1 Lq idfw/ dffruglqj
wr wkh vshfl￿f ehkdylrudo uxoh iroorzhg e| hdfk lqglylgxdo/ lq wkh orqj uxq zh pd|
kdyh frqwdjlrq/ zkhuh hyhu|rqh zloo hyhqwxdoo| djuhh rq/ vd|/ rslqlrq 4/ ru frqvhqvxv
zkhuh hyhu|rqh zloo hyhqwxdoo| djuhh rq hlwkhu ri wkh wzr rslqlrqv/ ru zh pd| lqvwhdg
kdyh frh{lvwhqfh ri erwk rslqlrqv1 Krzhyhu/ d frpprq ihdwxuh zklfk zh revhuyh
dorqj wkh g|qdplfv lv wkh irupdwlrq ri odujh krprjhqhrxv duhdv1 Lq wkh sduwlfxodu
fdvh lq zklfk frqvhqvxv rffxuv/ zh duh dfwxdoo| deoh wr vwxg| wkh udwh dw zklfk wkhvh
duhdv jurz dqg h{sodlq zk| dorqj wkh g|qdplfv wkh| vhhp doprvw vwdwlrqdu|1
Lvvxhv uhodwhg wr wkh surfhvv ri sxeolf rslqlrq irupdwlrq duh qrw wdqjhqwldo wr
hfrqrplf wkhru|1 Sxeolf rslqlrq sod|v d nh| uroh lq vkdslqj dqlpdo vslulwv/ sdwwhuqv
ri frqvxphu dqg surgxfhu ehkdylrxu h{shfwdwlrqv dqg lq sduwlfxodu yrwlqj ghflvlrqv1
Dv iru wkh odwwhu dvshfw/ wkh vshfl￿fdwlrqv zh vwxg| lq wklv sdshu duh prwlydwhg lq
whupv ri edqg0zdjrq h￿hfw +yrwhuv idyrxu wkh sduw| wkdw lv grlqj zhoo lq wkh sroov,/
ru surmhfwlrq h￿hfw +yrwhuv whqg wr surmhfw wkhlu lqwhqghg yrwh rqwr wkhlu hohfwlrq
rxwfrph h{shfwdwlrqv,1 Vlqfh wkh wkhruhwlfdo vwxglhv ri Vlprq +4<87, dqg Edxpro
+4<8:,/ hpslulfdo zrun fduulhg rxw lq wkh XN dqg lq wkh XVD vhhpv wr surylgh
hylghqfh iru wkhvh k|srwkhvlv +vhh PfDolvwhu dqg Vwxgodu +4<<4,/ ]xfnhupdq D1V1/
Ydohqwlqr dqg ]xfnhupdq H1Z1 +4<<7, dqg wkhuhlq uhihuhqfhv,1
Khqvkho dqg Mrkqvwrq +4<;:, surylgh dq lqwhuhvwlqj vxuyh| ri edqgzdjrq wkhru|/
dffruglqj wr zklfk wkhuh lv d vwurqj h￿hfw iurp rslqlrq sroov wr yrwhuv ghflvlrqv1
Edvlfdoo| wkh idfw wkdw sroov jlyh dq dgydqwdjh wr d fdqglgdwh lqgxfhv yrwhuv wr
vzlwfk wkhlu suhihuhqfh lq idyru ri wkdw fdqglgdwh1 Wklv gluhfw h￿hfw iurp sroov wr
yrwhuv* rslqlrq lv pdlqo| h{sodlqhg dv d ghvluh ri frqiruplw|/ erwk lq wkh vhqvh wkdw
shrsoh frqirup wr zkdw wkh| eholhyh lv wkh surshu qrup dqg lq wkh vhqvh wkdw shrsoh
ihho uhdvvxuhg lq dgrswlqj wkh rslqlrq khog e| wkh pdmrulw|1 Khqvkho dqg Mrkqvwrq
+4<;:, dovr srlqw rxw dq lqgluhfw h￿hfw= li sroov jlyh dgydqwdjh wr d fdqglgdwh/ pruh
ixqgv dqg hqgruvhphqwv zloo eh gluhfwhg wr wkdw fdqglgdwh/ e| wklv lqfuhdvlqj khu2klv
vkduh ri vxssruw1 Eurdgo| vshdnlqj rslqlrq sroov fdq eh lqwhusuhwhg dv dq lqglfdwru
6ri wkh rslqlrq khog e| wkh hqwluh srsxodwlrq1 Iru h{dpsoh/ yld ode h{shulphqwv/
Qdghdx/ Forxwlhu dqg Jxd| +4<;:, surylgh hylghqfh lq idyru ri d edqgzdjrq h￿hfw lq
rslqlrq irupdwlrq= lq sduwlfxodu wkh| ￿qg wkdw lqglylgxdov whqg wr vzlwfk wkhlu rslqlrq
wrzdugv wkh rqh h{suhvvhg e| wkh pdmrulw| ri wkh sduwlflsdqwv lq wkh h{shulphqw1
Dv wkh edqgzdjrq wkhru| h{sodlqv zk| hdfk lqglylgxdo whqgv wr frqirup wr wkh
pdmrulw|/ zh vkrxog h{shfw wr revhuyh jurzlqj frqvhqvxv lq dq hohfwrudo fdpsdljq1
Krzhyhu vxfk wkhru| grhv qrw doorz iru d vsdwldo fkdudfwhul}dwlrq ri wkh surfhvv dqg
lw wkxv idlov wr h{sodlq krz wklv kdsshqv dorqj wkh vsdwldo g|qdplfv1 Wklv sdshu
vkrzv wkdw/ lq rughu wr h{sodlq wkhvh vw|ol}hg idfw ri lqwhuhvw/ zh qhhg wr wdnh lqwr
frqvlghudwlrq orfdo lqwhudfwlrq/ lq dgglwlrq wr wkh whqghqf| wr iroorz wkh pdmrulw|1
Wkh uhvw ri wklv qrwh lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh prgho/ Vhfwlrq
6 uhodwhv wkh prghov wr uhfhqw olwhudwxuh rq orfdo lqwhudfwlrq dqg Vhfwlrq 7 vwdwhv wkh
pdlq uhvxowv1
  
Wkh prgho irupdol}hv lq d vlpsoh zd| d surfhvv ri sxeolf rslqlrq irupdwlrq1 Hdfk
djhqw lv wr irupxodwh dq rslqlrq wkdw idyrxuv rqh ri wzr lvvxhv dw vwdnh1 Zh wklqn ri
wkh odwwhu dv djuhhphqw ru glvdjuhhphqw rq rqh sduwlfxodu pdwwhu/ vxfk dv deruwlrq
ru fdslwdo sxqlvkphqw iru h{dpsoh/ ru vxssruw iru rqh ri wkh wzr uxqqlqj fdqglgdwhv
lq dq hohfwlrq1 Wkh g|qdplf surfhvv wkdw fkdudfwhul}hv hdfk djhqw rslqlrq irupdwlrq
+wkdw zh odeho dv Sulydwh Rslqlrq irupdwlrq, lv edvhg rq wkh lghd wkdw hdfk djhqw
fkrrvhv dq rslqlrq suredelolvwlfdoo|/ lq d zd| wkdw uhvsrqgv wr khu shufhswlrq ri
zkdw wkh rslqlrq ri wkh djjuhjdwh froohfwlrq ri lqglylgxdov lv1 Wr dffrxqw iru wkh
idfw wkdw wkh surfhvv ri rslqlrq irupdwlrq lv w|slfdoo| kljko| ghfhqwudol}hg/ zh vkdoo
hqgrz hdfk djhqw zlwk d vsdwldo orfdwlrq dqg zh vkdoo dvvxph wkdw/ lq iruplqj dq
rslqlrq/ dq djhqw lv lq xhqfhg e| wkh rslqlrqv khog lq khu lpphgldwh ylflqlw|/ l1h1 e|
wkh rslqlrq khog e| wkh djhqwv zkr olyh lq khu forvh qhljkerxukrrg1 Zh odeho wkh
uhvxowlqj surfhvv ri rslqlrq irupdwlrq lq wkh djjuhjdwh srsxodwlrq ri lqglylgxdov dv
Sxeolf Rslqlrq irupdwlrq/ dqg zh duh lqwhuhvwhg lq fkdudfwhul}lqj lwv hyroxwlrq ryhu
wlph/ dv rslqlrqv duh uhshdwhgo| uhylvhg/ dqg ryhu vsdfh/ vlqfh wkh orfdoo| lqwhudfwlyh








Lq wkh prgho wkhuh duh frxqwdeo| pdq| lghqwlfdo djhqwv wkdw uhshdwhgo| irupxodwh
wkhlu rslqlrq1 Djhqwv ehkdyh lq dq lghqwlfdo pdqqhu/ wkrxjk/ dv zh vkdoo vhh/ dv|p0
phwulhv pljkw dulvh gxh wr gl￿huhqfhv lq wkh lqirupdwlrq hdfk lqglylgxdo srvvhvvhv1
Wkh uhgxfhg irup ri hdfk lqglylgxdo rslqlrq irupdwlrq surfhvv lv gh￿qhg dv iro0
orzv1 Zh ohw i3>4j eh wkh wzr dydlodeoh rslqlrqv dqg/ iru hdfk lqglylgxdo {/z ho h w
s+{, eh d vwdwlvwlf wkdw ghvfulehv krz djhqw { shufhlyhv rwkhu djhqwv* rslqlrq1 Zh
vkdoo prvwo| wklqn ri s+{, dv wkh uhodwlyh iuhtxhqf| ri rslqlrq 4v khog lq {*v qhljk0
erxukrrg dqg zloo irupdoo| gh￿qh lw odwhu1 Jlyhq s+{,/ zh dvvxph wkdw lqglylgxdo {
fkrrvhv rslqlrq 4 zlwk suredelolw| i+s+{,, 5 ^3>4‘= Zh vkdoo prvwo| eh frqfhuqhg zlwk
d fodvv wkuhvkrog ixqfwlrqv edvhg rq pdmrulw| uxohv/ zkhuh i+s+{,, @4li s+{, A 3=8
+phdqlqj wkdw lqglylgxdo { fkrrvhv rslqlrq 4 li vxuurxqghg e| d vwulfw pdmrulw| ri
qhljkerxuv grlqj vr,> i+s+{,, @3li s+{, ? 3=8 dqg li s+{, @3 =8 lqglylgxdo { ehkdyhv
dffruglqj wr rqh ri wkh iroorzlqj gl￿huhqw vshfl￿fdwlrqv=
+l, { fkrrvhv rslqlrq 4/
+ll, { nhhsv wkh rslqlrq fxuuhqwo| khog/
+lll, { fkrrvhv rslqlrq 4 zlwk suredelolw| 3=8=
Lq fdvh +l, ehkdylrxu lv ghvfulehg e| dq h{solflw wlh0euhdnlqj uxoh wkdw grhv qrw
ghshqg rq {*v lghqwlw|1 +ll, doorzv iru gl￿huhqfhv lq wkh wlh euhdnlqj uxoh xvhg e| hdfk
djhqw/ vlqfh rslqlrqv pd| gl￿hu dprqj lqglylgxdov1 +lll, lqwurgxfhv d vshfl￿f irup
ri udqgrpl}dwlrq zkhqhyhu d vwulfw pdmrulw| grhv qrw h{lvw1 Qrwh wkdw uxoh +lll, lv
v|pphwulf lq wkh vhqvh wkdw i+s,@4￿ i+4 ￿ s,/ zkhuh wkh v|pphwu| uhihuv wr wkh
 ls udwh dvvrfldwhg zlwk wkh uxoh +iurp 3 wr 4 rq wkh o1k1v1/ dqg iurp 4 wr 3 rq wkh
u1k1v1,/ zkloh uxoh +l, dqg +ll, duh qrw/ lq wkdw d eldv lv lqwurgxfhg lq idyrxu ri rslqlrq
4 dqg wkh rslqlrq fxuuhqwo| khog uhvshfwlyho|1
Zh vkdoo dovr dqdo|}h wzr yduldqwv ri wkhvh edvlf ehkdylrxudo uxohv1
Wkh ￿uvw lv d qrlv| yhuvlrq ri d v|pphwulf uxoh dqg lw dprxqwv wr dvvxph=
+ly, i+s, @ +4 ￿ ￿,4isA3=8j . ￿4is?3=8j .3 =84 is @3 =8j
zkhuh ￿ 5 ^3>4@5‘ dqg 4iHj lv dq lqglfdwru ixqfwlrq zklfk lv htxdo wr rqh li hyhqw
H lv wuxh1
Wkh vhfrqg lv wkh fdvh zkhuh i+s, lv olqhdu lq s= Lw dprxqwv wr dvvxplqj wkdw hdfk
djhqw uhsurgxfhv suredelolvwlfdoo| wkh uhodwlyh iuhtxhqflhv ri rslqlrqv khog lq khu
qhljkerxukrrg dqg lw fdq eh jlyhq d vlpsoh lqwhusuhwdwlrq lq whupv ri sxuh lplwdwlyh
ehkdylrxu=
8+y, i+s,@s
Fohduo|/ li hdfk djhqw lv vxuurxqghg e| h{dfwo| wzr qhljkerxuv/ uxoh +y, dqg uxoh
+lll, duh lghqwlfdo1
Wkhvh uxohv ghvfuleh wkh surfhvv ri lqglylgxdo rslqlrq irupdwlrq rq wkh sduw ri
d vlqjoh djhqw dw d jlyhq srlqw lq wlph1 Lq rughu wr vwxg| wkh surfhvv ri djjuhjdwh
rslqlrq irupdwlrq/ zh qhhg wr dqdo|}h wkh mrlqw hyroxwlrq ri wkh rslqlrqv khog e| hdfk
djhqw1




Zh kdyh vhhq wkdw/ lq wkh prgho/ hdfk lqglylgxdo uhylvhv rslqlrq dffruglqj wr wkh
rslqlrq khog e| wkh pdmrulw| ri khu2klv qhljkeruv1 Zh ￿uvw qhhg wr gh￿qh zkdw zh
phdq e| qhljkerxuv1 Lq rughu wr gr wklv zh qhhg wr gh￿qh pruh suhflvho| wkh orfdo
vwuxfwxuh1 Hdfk lqglylgxdo olyhv dw d vlwh rq d g0glphqvlrqdo odwwlfh/ ghqrwhg e| ]_1
Zh vkdoo ghqrwh e| { 5 ]_/ wkh lqglylgxdo zkr olyhv dw vlwh {1 Wkh qhduhvw qhljkerxuv
ri lqglylgxdo { duh wkrvh lqglylgxdov olylqj zlwklq Hxfolghdq glvwdqfh 4 iurp {/ gh￿qhg
e| E+{, ￿i | = n{ ￿ |n @4 j= Khuhdiwhu zh vkdoo dvvxph wkdw hdfk vlwh rqo| orrnv dw
wkh 5g qhduhvw qhljkeruv1
Hdfk vlwh uhylvhv khu2klv rslqlrq dw d udqgrp Srlvvrq wlph zlwk lqwhqvlw| sdudph0
whu htxdo wr rqh/ vr wkdw wkh h{shfwhg ohqjwk ri wlph ehwzhhq wzr frqvhfxwlyh rslqlrq
uh0dvvhvvphqwv/ dw wkh vdph vlwh/ lv htxdo wr rqh1 Wkh Srlvvrq udqgrp wlphv duh lq0
ghshqghqw dfurvv vlwhv1 Wkh Srlvvrq dvvxpswlrq hqvxuhv wkdw/ dw dq| lqvwdqw ri wlph
w/ hdfk vlwh kdv d srvlwlyh suredelolw| ri uhdvvhvvlqj khu2klv rslqlrq/ exw wkh sure0
delolw| wkdw wzr vlwhv uhdvvhvv wkhlu rslqlrqv vlpxowdqhrxvo| lv }hur1 Zlwk wkh whup
frq￿jxudwlrq zh phdq wkh vwdwh ri wkh v|vwhp/ dw d jlyhq wlph/ wkdw lv wkh froohfwlrq
ri rslqlrqv khog e| wkh lqglylgxdov dw gl￿huhqw vlwhv dw wkdw jlyhq wlph1 Wkh sxeolf
rslqlrq irupdwlrq surfhvv lv wkhq wkh hyroxwlrq ryhu wlph ri wkhvh frq￿jxudwlrqv1
Zh qrz qhhg wr lqwurgxfh vrph qrwdwlrq1 Zh ghqrwh e| ￿|+{, wkh rslqlrq khog dw
wlph w e| wkh lqglylgxdo dw vlwh {/ { 5 ]_1 Zh vd| wkdw ￿|+{, @4li wkh lqglylgxdo dw
vlwh { idyruv rslqlrq 4 dqg ￿|+{, @3li wkh lqglylgxdo dw vlwh { idyruv rslqlrq 31W k x v
￿|+{, uhsuhvhqwv wkh sulydwh rslqlrq ri wkh lqglylgxdo dw vlwh {/ zkloh ￿| @ i￿|+{, iru
doo { 5 ]_j uhsuhvhqwv wkh sxeolf +djjuhjdwh, rslqlrq dw wlph w1 Lw lv lpphgldwh wr vhh
wkdw ￿| hyroyhv rq wkh vsdfh i3>4j~_
> lq idfw wkh vwdwh ri wkh v|vwhp/ ru frq￿jxudwlrq/
dw wlph w lv wkh froohfwlrq ri wkh rslqlrqv i3>4j khog e| wkh lqglylgxdov dw wkh gl￿huhqw
vlwhv rq wkh g0glphqvlrqdo odwwlfh ]_1 Dovr/ dw hdfk wlph w wkh sursruwlrq ri {*v
9qhljkerxuv zkr krog rslqlrq 4 lv jlyhq e| s+{>￿|,@+ 5 g,3￿ S
t+G8+3%8’￿￿￿|+|,= Rq
wkh edvlv ri wklv dqg dffruglqjo| wr wkh uxohv vshfl￿hg ehiruh lqglylgxdo { pd| ghflgh
wr uhylvh khu2klv rslqlrq ryhu wlph1 Qrwh wkdw vlqfh wkh qxpehu ri qhljkerxuv lv ￿qlwh
wkh frqfhsw ri pdmrulw| lv zhoo gh￿qhg1
Doo surfhvvhv zh vwxg| duh gh￿qhg ryhu wzr glphqvlrqv= vsdfh +jlyhq wkh orfdo
vshfl￿fdwlrq ri wkh prgho, dqg wlph +jlyhq wkh srvwxodwhg g|qdplfv ri rslqlrq iru0
pdwlrq,1 Zh duh lqwhuhvwhg lq wkh iroorzlqj txhvwlrqv=
Vwduwlqj iurp d udqgrp lqlwldo frqglwlrq/ zloo wkh surfhvv glvsod| frqwdjlrq/l q
wkh vhqvh wkdw/ vd|/ rslqlrq 4 zloo eh dgrswhg e| doo lqglylgxdov lq wkh srsxodwlrqB
Zloo lw glvsod| frqvhqvxv/ lq wkh vhqvh wkdw/ dv wlph jrhv e|/ doo djhqwv zloo whqg wr
idyrxu wkh vdph rslqlrq +eh wkdw 3 ru 4,B Zloo lqvwhdg gl￿huhqw rslqlrqv/ dgrswhg
zlwklq krprjhqrxv duhdv ri wkh srsxodwlrq vxuylyh ru fr0h{lvw lq wkh orqj uxqB Zh
vkdoo vkrz wkdw zkhqhyhu frqvhqvxv rewdlqv/ wkh uhvxowlqj surfhvv ri foxvwhulqj fdq
eh vwxglhg orfdoo| dorqj wkh g|qdplfv/ e| orrnlqj dw wkh udwh dw zklfk krprjhqhrxv
duhdv jurz ryhu wlph1
  

Ehiruh vwdwlqj wkh pdlq uhvxowv/ lw lv zruwkzkloh wr qhvw wkh vhw0xs vnhwfkhg lq wkh
suhylrxv Vhfwlrq zlwklq wkh jhqhudo iudphzrun xvhg iru prghoolqj orfdoo| lqwhudfwlyh
hfrqrplf hqylurqphqwv1 Ryhu wkh odvw ihz |hduv wkh lqwhuhvw lq orfdoo| lqwhudfwlyh
prghov kdv jurzq yhu| txlfno| lq gl￿huhqw duhdv/ vxfk dv/ iru h{dpsoh/ +l, frruglqdwlrq
jdphv +vhh hj1 Dqghuolql dqg Ldqql +4<<9,/ Eoxph +4<<6 dqg 4<<8,/ Hoolvrq +4<<6
dqg 5333,/ Ohh dqg Ydohqwlq|l +5333, dprqj rwkhuv,/ +ll, qhljkerukrrg h￿hfw dqg
lqhtxdolw| +vhh h1j1 Ehqderx +4<<9d dqg 4<<9e,/ Frrshu +4<<;,/ Gxuodxi +4<<9d dqg
4<<9e,,1 Wkh uhdvrqv iru frqvlghulqj orfdo udwkhu wkdq joredo lqwhudfwlrq duh pxowlsoh=
orfdo lqwhudfwlrq pd| hqvxuh d txlfnhu d pruh sodxvleoh vshhg ri frqyhujhqfh wr wkh
ulvn grplqdqw vwudwhj| +Hoolvrq +4<<6,,/ lqglylgxdo pd| wu| wr rswlpdoo| uhdfw rqo|
wr qhljkerxuv* dfwlrq ehfdxvh ri p|rslf ehkdylru ru odfn ri lqirupdwlrq +h1j1 lq
Eoxph +4<<8,,/ wkh frvw ri lqyhvwphqw lq hgxfdwlrq pd| eh d ghfuhdvlqj ixqfwlrq ri
qhljkerxuv lqyhvwphqw lq hgxfdwlrq +Ehqderx +4<<9d dqg 4<<9e,,/ jhqhudo vslooryhu
dqg h{whuqdolw| h￿hfwv +Gxuodxi +4<<6,,1
Dq hohphqw frpprq wr prvw ri wkh sdshuv flwhg deryh lv wkh dwwhpsw wr mrlqwo|
prgho vsdwldo lqwhudfwlrq dqg h{whuqdolw| h￿hfwv yld d udqgrp ￿hog dssurdfk/ lq zklfk
hyroxwlrq ryhu erwk wlph dqg vsdfh lv dqdo|}hg1 Lq vhyhudo lqvwdqfhv/ vxfk wkdw fkrlfh
:ehwzhhq wzr rslqlrqv/ frruglqdwlrq jdphv zlwk wzr dfwlrqv/ ru ghflvlrq zkhwkhu wr
gurs rxw ri vfkrro ru qrw/ wkh fkrlfh lv elqdu|1 D yhu| jhqhudo vhw xs iru prghoolqj
elqdu| fkrlfhv zlwk orfdo lqwhudfwlrq dqg iru ghulylqj whvwdeoh suhglfwlrq kdv ehhq
sursrvhg lq d vhulhv ri sdshuv e| Eoxph dqg Gxuodxi +5334,/ Eurfn dqg Gxuodxi
+5333/ 5334,,1 Zh vkdoo vkrz ehorz wkdw wkh ehkdylrudo uxohv +l,0+y, vnhwfkhg lq wkh
suhylrxv Vhfwlrq fdq eh ghulyhg dv vshfldo fdvhv ri wkdw vhw xs1
Wkh xqghuo|lqj frpprq ihdwxuh lv wkdw hdfk djhqw/ rxw ri d ￿qlwh ru frxqwdeoh
vhw/ fkrrvhv dq dfwlrq/ rxw ri wzr/ e| pd{lpl}lqj dq xwlolw| ixqfwlrq wkdw ghshqgv
rq wkuhh dujxphqwv= d sulydwh xwlolw| ghshqglqj rqo| rq wkh dfwlrq wdnhq e| wkh
lqglylgxdo/ d vrfldo lqwhudfwlrq whup fdswxulqj wkh xwlolw| ghulyhg e| wkh fkrlfhv ri
wkh qhljkerxuv/ dqg dq lglrv|qfudwlf vkrfn zklfk gl￿huv dfurvv wkh wzr dfwlrqv1 Pruh
irupdoo|/ wkh lqglylgxdo dw vlwh { lv fkdudfwhul}hg e| wkh iroorzlqj xwlolw| ixqfwlrq=
Y +￿|+{,, @ x+￿|+{,, .V +￿|+{,>H %+￿|+|,,, . %+￿|+{,, +4,
zkhuh H%+￿|+|,, ghqrwhv wkh h{shfwdwlrq ri lqglylgxdo { derxw wkh dfwlrq ri lqglylgxdo
| 5 E+{,>E +{, ehlqj wkh vhw ri {*v qhljkerxuv1
Wkh ￿uvw whup rq wkh uljkw kdqg vlgh ri +4, fdswxuhv wkh sulydwh xwlolw| frpsr0
qhqw/ zkloh wkh vhfrqg whup txdqwl￿hv wkh vrfldo lqwhudfwlrq frpsrqhqw1 Gl￿huhqw
ixqfwlrqdo irupv duh doorzhg iru V> exw w|slfdoo| wkh xwlolw| ghulyhg iurp d fkrlfh
lqfuhdvhv zlwk wkh qxpehu ri qhljkerxuv pdnlqj wkh vdph fkrlfh1 Ilqdoo|/ wkh odvw
whup ghqrwhv d udqgrp vkrfn frpsrqhqw wkdw gl￿huv dfurvv wkh wzr fkrlfhv1 Wkh
lqglylgxdo dw vlwh { zloo fkrrvh dfwlrq 4 zlwk suredelolw| htxdo wr=
Su^fkrrvlqj 4‘ @S u ^Y +￿|+{, @4 , ￿ Y +￿|+{, @3 , A 3‘
E| fkrrvlqj d vshfl￿f ixqfwlrqdo irup iru x> V dqg dvvxplqj wkdw %+￿|+{, @4 , ￿
%+￿|+{, @3 , kdv dq h{wuhph ydoxh glvwulexwlrq/ Eurfn dqg Gxuodxi rewdlq d forvhg
irup h{suhvvlrq iru wkh pdujlqdo dqg/ dvvxplqj wkh lqghshqghqfh ri wkh vkrfnv dfurvv
lqglylgxdov/ iru wkh mrlqw frqglwlrqdo glvwulexwlrq1 Lq sduwlfxodu/ ghshqglqj rq wkh
uhodwlyh vwuhqjwk ri wkh lqglylgxdo lqfhqwlyh dqg ri wkh vrfldo lqwhudfwlrq whupv/ hlwkhu
d xqltxh ru pxowlsoh htxloleuld fdq dulvh1 Wkh| dovr vkrz wkdw Su^fkrrvlqj 4‘ fdq eh
prghoohg dv d jhqhudol}hg/ orfdoo| lqwhudfwlyh orjlvwlf prgho/ dqg ghulyh frqglwlrqv iru
lghqwl￿fdwlrq dqg whvwlqj1
Lqwhuhvwlqjo|/ wkh djjuhjdwh frqglwlrqdo glvwulexwlrq uhvhpeohv wkh g|qdplfv suh0
vfulehg e| vwdwlvwlfdo phfkdqlfv prghov +h1j1 Lvlqj prghov/ dv lq Eoxph +4<<6,,1
Lqghhg Eoxph dqg Gxuodxi +5334, srlqwv rxw wkdw wkh nh| gl￿huhqfh ehwzhhq orfdoo|
;lqwhudfwlyh prghov lq vwdwlvwlfdo phfkdqlfv dqg orfdoo| lqwhudfwlyh prghov lq hfrqrplfv
dqg vrfldo vflhqfhv/ lv wkdw lq wkh iruphu wkh frqglwlrqdo glvwulexwlrq +ru wkh  ls udwh,
lv srvwxodwhg dv sulplwlyh/ zkloh lq wkh odwwhu wkh frqglwlrqdo glvwulexwlrq lv ghulyhg
dv d uhvxow ri d +srvvleo| p|rslf, rswlpl}lqj ehkdylru1
Lq wkh vhw xs vnhwfkhg deryh/ lqglylgxdov pdnh wkhlu fkrlfhv vlpxowdqhrxvo| dw
wlph w @4 >5>===> wkxv wkh| qhhg wr irup h{shfwdwlrqv frqfhuqlqj wkh fkrlfh wdnhq
e| wkhlu qhljkerxuv1 Lq rxu prgho/ lqglylgxdov kdyh wkh rssruwxqlw| ri uhylvlqj wkhlu
fkrlfhv dw udqgrp h{srqhqwldo +Srlvvrq, wlphv/ zlwk dq lqwhqvlw| sdudphwhu htxdo wr
rqh/ vr wkdw wkh dyhudjh vsdq ri wlph ehwzhhq wzr frqvhfxwlyh uhylvlrqv lv htxdo wr rqh1
Wkhvh udqgrp wlphv duh lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg dfurvv lqglylgxdov1
Wkh Srlvvrq dvvxpswlrq hqvxuhv wkdw wkh suredelolw| ri wzr lqglylgxdov uhylvlqj wkhlu
fkrlfh dw wkh vdph wlph lv }hur1 Wkxv/ dw dq|wlph dq lqglylgxdo lv doorzhg wr uhylvh/
vkh fdq revhuyh khu qhljkerxuv fkrlfhv/ vr wkdw H%+￿|+|,, @ ￿|+|,= Wkh froohfwlrq ri
llg> phdq rqh/ udqgrp Srlvvrq wlphv lv ghqrwhg e| iW%c￿j"
￿’￿c%M~_> dqg wkh nwk wlph
wkh lqglylgxdo dw vlwh { kdv wkh rssruwxqlw| wr uhylvh lv ￿%c& @
S&
￿’￿ W%c￿= Dovr/ zkloh
wkh Eurfn0Gxuodxi iudphzrun grhv qrw uhtxluh dq| sduwlfxodu vsdwldo vwuxfwxuh/ khuh
zh dvvxph wkdw lqglylgxdov olyh rq d g￿glphqvlrqdo odwwlfh/ ]_=
Lq wkh suhylrxv Vhfwlrq wkh frqglwlrqdo surededelolw| i+s, +dqg vr wkh  ls udwhv,
kdyh ehhq srvwxodwhg dv sulplwlyh1 Zh qrz vkrz wkdw wkh| fdq eh hdvlo| rewdlqhg dv
vshfldo fdvhv ri wkh Eurfn0Gxuodxi vhw0xs1 Lw lv lpphgldwh wr vhh wkdw uxohv +l,0+ll,/
frqglwlrqdo rq wkh lqlwldo glvwulexwlrq dqg rq wkh fxuuhqw qhljkerxuv frq￿jxudwlrq/
duh sxuho| ghwhuplqlvwlf/ lq wkh vhqvh wkdw/ xsrq revhuylqj wkh qhljkerxuv dfwlrq/
hdfk lqglylgxdo fkrrvhv rqh ri wkh wzr dfwlrqv zlwk suredelolw| rqh1 Rq wkh rwkhu
kdqg/ uxohv +lll,/+ly,/+y, duh suredelolvwlf uxohv/ lq wkh vhqvh wkdw/ hyhq frqglwlrqlqj
rq wkh lqlwldo glvwulexwlrq dqg rq wkh qhljkerxuv frq￿jxudwlrq/ wkh lqglylgxdo hlwkhu
grhv qrw kdyh d ghwhuplqlvwlf wlh0euhdnlqj uxoh/ dv lq uxohv +lll, dqg +ly,/ ru vkh2kh
udqgrpl}hv ryhu wkh wzr fkrlfhv1 Wkxv lw zloo qrw eh vxusulvlqj wkdw/ lq whupv ri wkh
qrwdwlrq lq htxdwlrq +4,/ ￿+￿|+{,, lv d udqgrp yduldeoh ghjhqhudwh rq }hur lq fdvhv +l,
dqg +ll,/ zkloh lw lv d qrq0ghjhqhudwh udqgrp yduldeoh lq fdvhv +lll,/+ly,/+y,1
Ehiruh zh vwdwh wkh uxohv/ rqh wklqj wkdw lv zruwk qrwlflqj lv wkdw/ lq doo ri rxu
fdvhv Su^Y +￿|+{, @4 , @ Y +￿|+{, @3 ,‘ @3 1 Vshfl￿fdoo|/ xqghu uxohv +l, dqg +ll, wklv
lv uxohg rxw e| rxu vshfl￿fdwlrq/ zkloh lqvwhdg lq uxohv +lll,/+ly,/+y, wklv lv hqvxuhg e|
wkh idfw wkdw ￿+￿|+{, @4 , ￿ ￿|+￿+{, @3 , lv d frqwlqxrxv udqgrp yduldeoh1
Xvlqj htxdwlrq +4, dv rxu uhihuhqfh prgho/ wkh uxohv gh￿qhg lq wkh suhylrxv Vhfwlrq
fdq eh uh0zulwwhq dv iroorzv1
<Uxoh +l,
Zh ohw=
x+￿|E{,, @ ! 4i￿|+{,@4 j zlwk ! 5 +3>4@+5g,,>
V+￿|+{,>H %+￿|+|,,, @ ￿
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Dv d uhvxow/ htxdwlrq +4, |lhogv=
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4 iru s ￿ 4@5
3 rwkhuzlvh
Lw lv lpphgldwh wr vhh wkdw e| fkrrvlqj d kljkhu ydoxh iru !> zh fdq hqvxuh wkdw wkh
wkuhvkrog iru fkrrvlqj 4 lv vpdoohu wkdq 4@5> vr wkdw zh pd| kdyh dq dv|pphwulf
wkuhvkrog1 Dv zh vkdoo vhh lq wkh Vhfwlrq ehorz/ uxoh +l, hqvxuhv wkdw lq odujh vdpsoh
doo lqglylgxdov zloo hyhqwxdoo| frruglqdwh rq wkh vdph fkrlfh1 Wkh lqwxlwlrq ehklqg
wklv lv wkdw sulydwh lqfhqwlyhv/ krprjhqhrxv dfurvv lqglylgxdov/ duh vwurqj hqrxjk wr
rxwzhljkw wkh h￿hfw ri vrfldo lqwhudflrq1
Dv vkrzq lq Eurfn dqg Gxuodxi +5333/5334,/ wkh xqlflw| ru prowhsolflw| ri orqj
uxq htxloleuld lv pdlqo| h{sodlqhg e| wkh uhodwlyh vwuhqjwk ri sulydwh lqfhqwlyh dqg
vrfldo lqwhudfwlrq ru frqiruplw|1 Lq idfw/ wkh htxloleulxp lv w|slfdoo| xqltxh zkhq wkh
sulydwh lqfhqwlyh lv vwurqjhu wkdq wkh ghvluh wr frqirup1 Lq doo rwkhu uxohv +ll,0+y, wkh
sulydwh lqfhqwlyh ru xwlolw| lv vhw htxdo wr }hur/ vr wkdw zh vkrxog h{shfw pxowlsolflw| ri
htxloleuld/ hlwkhu lq whupv ri frqvhqvxv rq hlwkhu fkrlfh/ ru rq pxowlsoh +riwhq lq￿qlwh,
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4 iru s ￿ 4@5
3 rwkhuzlvh








li wkh lqglylgxdo lv fxuuhqwo| fkrrvlqj 3
Lq wklv fdvh wkh lqglylgxdo kdv d sulydwh lqfhqwlyh/ lq wkh vhqvh wkdw +v,kh suhihuv
qrw wrr fkdqjh rslqlrq ru dfwlrq/ exw vxfk sulydwh lqfhqwlyh lv qrw eldvhg lq idyru
ru djdlqvw hlwkhu dfwlrq dqg lw lv vrphzkdw zhdn zlwk uhvshfw wr wkh vrfldo lqwhudf0
wlrq whup1 Dv d uhvxow/ dv zh vkdoo vhh lq wkh qh{w Vhfwlrq/ dq lq￿qlwh qxpehu ri
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4 iru sA4@5
3 iru s?4@5
4@5 iru s @4 @5
Lq wklv fdvh lw lv wkh l1l1g1 xqlirup vkrfn ryhu d vxssruw ghshqglqj rq wkh qxpehu ri
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Zh lpphgldwho| vhh wkdw wkh v|vwhp fdqqrw eh devruehg lq dq| vwdwh fkdudfwhul}hg
e| frqvhqvxv ryhu hlwkhu fkrlfhv1 Lq sduwlfxodu zh vkrz lq wkh Vhfwlrq ehorz wkdw lq
wklv fdvh zh vkdoo kdyh d xqltxh hujrglf glvwulexwlrq1 Wklv lv h{sodlqhg e| wkh idfw
wkdw wkh udqgrp vkrfn frpsrqhqw/ zklfk kdv d ￿vx!flhqwo|￿ odujh vxssruw/ lv wkh
45grplqdqw whup1 Lqghhg/ iru ￿4 ?￿?3> wkhq zh zrxog rewdlq wkh vdph suhvfulswlrq
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Khqfh wkh ehkdylrxu lpsolhg e| wklv uxoh lv htxlydohqw wr sxuh lplwdwlrq= dq djhqw
vdpsohv dq rslqlrq zlwklq khu qhljkerxukrrg dqg vlpso| dgrswv lw1
Lq wkh Vhfwlrq wkdw iroorzv zh vkdoo vwxg| wkh g|qdplfv ri wkh djjuhjdwh surfhvv ri
rslqlrq irupdwlrq zkhq doo lqglylgxdov iroorz rqh +dqg wkh vdph, uxoh dprqj wkrvh zh
ghvfulehg1 Dv suhylrxvo| qrwlfhg wkh txhvwlrqv zh dgguhvv uhodwh wr wkh dv|pswrwlfv
ri wkh surfhvv1
Lq vwdwlqj rxu uhvxowv/ zh vkdoo xvh wkh iroorzlqj whuplqrorj|1 Zh vkdoo vd| wkdw wkh
surfhvv vkrzv frqwdjlrq rq/ vd| rslqlrq 4/ li/ vwduwlqj iurp d udqgrp lqlwldo frq￿jx0
udwlrq ri rslqlrqv/ wkh surfhvv frqyhujhv wr d vwdwh zkhuh hyhu|erg| dgrswv rslqlrq
41 Zh vkdoo vd| wkdw wkh surfhvv glvsod|v frqvhqvxv li/ vwduwlqj iurp d udqgrp lqlwldo
frq￿jxudwlrq ri rslqlrqv/ wkh surfhvv frqyhujhv wr d vwdwh zkhuh hyhu|erg| dgrswv
wkh vdph rslqlrq1 Zkhqhyhu frqvhqvxv rewdlqv/ zh vkdoo dovr fkdudfwhul}h wkh udwh dw
zklfk wkh lpsolhg surfhvv ri foxvwhulqj rffxuv1 Zh vkdoo vd| wkdw wkh surfhvv vkrzv
fr0h{lvwhqfh li/ vwduwlqj iurp d udqgrp lqlwldo frq￿jxudwlrq ri rslqlrqv/ wkh surfhvv
frqyhujhv wr d vwdwh zkhuh erwk rslqlrqv duh dgrswhg lq wkh srsxodwlrq1 Ilqdoo|/ zh
vkdoo vd| wkdw wkh surfhvv lv hujrglf/ li lqghshqghqwo| ri wkh lqlwldo frqglwlrq/ wkh dv0
|pswrwlf ehkdylrxu ri wkh surfhvv lv vxlwdeo| ghvfulehg e| d xqltxh olplw glvwulexwlrq/
wkdw zh ixoo| fkdudfwhul}h1
46  




Iluvw qrwh wkdw/ xqghu uxoh +l,/ i+s, @4 is ￿ 4@5j dqg dv d uhvxow/ wkh  ls udwhv duh
dv|pphwulf +dv wkh  ls udwh iurp 3 wr 4 lv 4is ￿ 4@5j> zkloh wkh  ls udwh iurp 4 wr 3
lv 4 ￿ 4is ￿ 4@5j,=Zh qrz vkrz wkdw xqghu uxoh +l, wkh surfhvv glvsod|v frqwdjlrq/
lq wkh vhqvh wkdw/ dv wlph jurzv/ doo lqglylgxdov zloo whqg wr djuhh zlwk rslqlrq 41
Wkhruhp 4 Ohw g @4 >5 dqg dvvxph wkdw wkh lqlwldo glvwulexwlrq lv d Ehuqrxool surg0
xfw phdvxuh zlwk sdudphwhu ￿ 5 +3>4,= Li hdfk vlwh iroorzv uxoh +l,/ wkhq olp|<" S+￿|+{,@
4>;{ 5 ]_, @4
Surri1 Wkh fdvh ri g @4kdv douhdg| ehhq vkrzq lq Fruudgl dqg Ldqql +5333/ Vhfwlrq
8,1
Iru wkh fdvh ri g @5 > zh surfhhg dorqj wkh olqhv ri Ohh dqg Ydohqwlq|l +OY= 5333,1
Wkh rqo| uhohydqw gl￿huhqfh lv wkdw lq wkhlu vhwwlqj hdfk vlwh dfwv vlpxowdqhrxvo| dw
glvfuhwh wlph w @4 >5>===>zkloh lq rxu fdvh hdfk vlwhv uhylvhv khu srvlwlrq dw d Srlvvrq
udqgrp wlph zlwk lqwhqvlw| sdudphwhu htxdo wr rqh/ vr wkdw wkh suredelolw| ri wzr vlwhv
uhylvlqj wkhlu rslqlrq vlpxowdqhrxvo| lv }hur1 Iluvw qrwh wkdw dq| frqqhfwhg jurxs ri
irxu vlwhv idyrulqj 4 +whdp lq wkh whuplqrorj| ri OY, qhyhu vzlwfkhv wr 31 Khuhdiwhu zh
ghqrwh d vlwh e| lwv frruglqdwhv/ lqglfdwlqj ￿uvw wkh krul}rqwdo frruglqdwh1 Vxssrvh
i3>3j>i4>3j>i3>4j>i4>4j dqg i5>5j>i6>5j>i5>6j>i6>6j idyru 4> wkhq wkh ￿uvw wlph
i5>4j dqg i4>5j kdyh dq rssruwxqlw| ri uhfrqvlghulqj wkhlu rslqlrq/ zloo idyru 4>
dqg wkhq wkh ￿uvw wlph i6>4j dqg i5>3j kdyh dq rssruwxqlw| ri uhfrqvlghulqj wkhlu
rslqlrq/ zloo idyru 4> dqg vr zloo i6>3j dqg i3>6j hyhqwxdoo| wrr1 Wkxv wkh frqqhfwhg
jurxs il>mj iru l @3 >4>5>6 dqg m @3 >4>5>6 hyhqwxdoo| frruglqdwh rq 4=
Wklv lv wuxh iru dq| frqqhfwhg jurxs ri irxu/ hdfk wlph lv vxuurxqghg e| wzr
whdpv ri 4 lq wzr rssrvlwh frruglqdwhv1 Krzhyhu/ dv hdfk vlwh uhfrqvlghuv khu rslqlrq
dw udqgrp wlphv/ wkh wlph lw wdnhv iru wklv wr rffxu lv udqgrp1 Lq sduwlfxodu lw pd|
wdnh pruh wkdq wkuhh shulrgv1 Jlyhq wkdw/ lq rxu iudphzrun htxdwlrqv +44, dqg +45,
lq OY gr qrw qhfhvvdulo| krog1 Qhyhuwkhohvv/ zh fdq vkrz wkh ghvluhg uhvxow lq d yhu|
vlplodu pdqqhu1 Frqvlghu d vhtxhqfh ri vtxduhv ri vlgh 7n.4> zlwk n @3 >4>===>Q@7>
lq idfw zh fdq wklqn dw d wzr0glphqvlrqdo odwwlfh dv d olplw iru Q $4ri d vtxduh ri
vlgh Q1 Vxssrvh wkdw i3>3j>i4>3j>i3>4j>i4>4j idyru 4> dqg il>mj>il .4 >mj>il>m .
4j>il.4>m.4j> zlwk l>m @ ￿5n>===5n/ n @3 >4>===>Q@7 duh vxfk wkdw i5n>mj>i5n.
4>mj>i5n>m.4j>i5n.4>m.4j> i￿5n>mj>i￿5n.4>mj>i￿5n>m.4j>i￿5n.4>m.4j>
47il>5nj>il .4 >5nj>il>5n .4 j>il .4 >5n .4 j> dqg il>￿5nj>il .4 >￿5nj>il>￿5n .
4j>il .4 >￿5n .4 j idyru 4=
Wkdw lv zh uhtxluh wkdw iru hdfk n> rq hdfk ri wkh irxu idfhv ri wkh vtxduh wkhuh
lv dw ohdvw rqh jurxs ri 7 frqqhfwhg vlwhv idyrulqj 4= Li wklv lv wkh fdvh iru hdfk n>
dq| whdp qrw frruglqdwhg rq 4 +lq wkh vhqvh wkdw vrph vlwh lq wkh frqqhfwhg jurxs ri
7i d y r u3, lv vxuurxqghg rq wzr rssrvlwh frruglqdwh whdpv idyrulqj 4 dqg wkxv zloo
hyhqwxdoo| idyru 4= OY +5333/ s187, vkrz wkdw vxfk d frq￿jxudwlrq rffxuv zlwk vwulfwo|
suredelolw| ￿+￿,> iru doo ￿ 5 +3>4,> lqghshqghqw ri Q1 ZOJ vxssrvh wkdw
s
Q lv dq
lqwhjhu dqg frqvlghu wkh
s
Q vtxduh ri vlgh
s
Q> dqg zlwklq hdfk ri wkhvh vtxduh zh
fdq frqvlghu wkh frq￿jxudwlrq ghvfulehg deryh/ exw zlwk n @3 >===
s
Q@7= OY +5333/
s189, vkrz wkdw wkh suredelolw| wkdw dw ohdvw lq rqh ri wkh vtxduh vxfk frq￿jxudwlrq
zloo h{lvw dssurdfkhv rqh dv Q $4 = Wkh ghvluhg uhvxow wkhq iroorzv1
Wkh uhvxow uholhv rq wkh dv|pphwu| ri  ls udwhv dqg lv uhodwhg wr wkh frqfhsw ri





Qrwh wkdw uxoh +ll, lpsolhv wkdw dq djhqw zkr lv qrw vxuurxqghg e| d vwulfw pdmrulw|
grhv qrw  ls wr d gl￿huhqw rslqlrq1 Dv d uhvxow i+s, @4 isA4@5j .4 is @4 @5j￿+{,
dqg lv fohduo| dv|pphwulf1 Zh qrz vkrz wkdw xqghu uxoh +ll, frh{lvwhqfh ri gl￿huhqw
rslqlrqv fdq dulvh lq wkh orqj uxq1
Wkhruhp 5 Ohw g @4 >5 dqg dvvxph wkh lqlwldo glvwulexwlrq lv d Ehuqrxool surgxfw
phdvxuh zlwk sdudphwhu ￿ 5 +3>4,= Li hdfk vlwh iroorzv uxoh +ll,/ wkhq dv w $4
lq￿qlwho| pdq| frq￿jxudwlrqv/ fkdudfwhul}hg e| wkh frh{lvwhqfh ri erwk rslqlrqv dulvh
zlwk srvlwlyh suredelolw|1
Surri1 Iru wkh fdvh ri g @4wklv kdv ehhq vkrzq lq Fruudgl dqg Ldqql +5333/ Sursr0
vlwlrq 719,1 Lq wkh fdvh ri g @5 > qrwh wkdw dq| frq￿jxudwlrq il>mj>il .4 >mj>il>m .
4j>il .4 >m.4 j idyrulqj wkh vdph rslqlrq lv vwdeoh ryhu wlph/ lq idfw hdfk vlwh kdv
dw ohdvw wzr qhljkeruv djuhhlqj zlwk khu2klv srvlwlrq1 Djdlq zh fdq wuhdw d wzr gl0
phqvlrqdo odwwlfh/ dv wkh olplw dv Q $4ri d vtxduh zlwk vlgh Q= Zh fdq glylgh
wklv vtxduh lq
s
Q vtxduhv ri vlgh
s
Q=Iru ￿ 5 +3>4,> iurp Ohh dqg Ydohqwlq|l +5333/
s189,/ zh nqrz wkdw wkhuh lv d vwulfwo| srvlwlyh suredelolw| ri kdylqj d vhtxhqfh ri
vtxduhv ri vlgh 7n .4 >n@3 >4>===
s
Q@7 fkdudfwhul}hg e| wkh idfw ri kdylqj/ rq
48hdfk idfh/ dw ohdvw d vtxduh ri 7 frqqhfwhg lqglylgxdov idyrulqj wkh vdph rslqlrq1 Dv
wkh dulvlqj ri vxfk frq￿jxudwlrq lv lqghshqghqw dfurvv wkh gl￿huhqw
s
Q/ zh vhh wkdw
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Uhfdoo wkdw xqghu uxoh +lll, i+s,@4 isA3=8j .3 =84 is @3 =8j dqg wkh lpsolhg
 ls udwhv duh v|pphwulf1 Wkh uhvxow wkdw iroorzv vkrzv wkdw wkh dv|pswrwlfv ri wkh
surfhvv ghshqg rq wkh glphqvlrq ri wkh odwwlfh= zkloh rq d rqh glphqvlrqdo odwwlfh
frqvhqvxv rewdlqv/ wklv lv qrw qhfhvvdulo| wkh fdvh rq d wzr glphqvlrqdo odwwlfh1
Wkhruhp 6 Ohw g @4dqg dvvxph wkdw wkh lqlwldo glvwulexwlrq lv d Ehuqrxool surgxfw
phdvxuh zlwk sdudphwhu ￿ 5 +3>4,= Li hdfk vlwh iroorzv uxoh +lll,/ wkhq olp|<" Su^￿|+{, @
￿|+|,‘ @4 ;{>| 5 ]￿
Ohw g @5dqg ghqrwh e| ￿f dqg ￿￿ wkh phdvxuhv wkdw dvvljq srlqwpdvv rqh wr
wkh frq￿jxudwlrqv wkdw vkrz frqvhqvxv/ l1h1 ￿f @ i￿+{, @3iru doo { 5 ]2j dqg
￿￿ @ i￿+{, @4iru doo { 5 ]2j uhvshfwlyho|1 Li hdfk vlwh iroorzv uxoh +lll,/ wkhq wkh
surfhvv dgplwv lqyduldqw phdvxuhv ￿f dqg ￿￿/ dv zhoo dv rwkhuv wkdw dvvljq srlqwpdvv
rqh rq frq￿jxudwlrqv zkhuh erwk rslqlrqv fr0h{lvw1
Surri1 Iru g @4wkh uhvxowv fdq eh suryhg e| vkrzlqj wkdw wkh surfhvv ￿| lv d olqhdu
Yrwhu surfhvv/ dqg wklv lv grqh lq Ldqql dqg Fruudgl +5333, Wkhruhp 6/ sduw 51
Iru g @5wkh deryh dqdorj| grhv qrw krog/ vlqfh d olqhdu Yrwhu surfhvv lv surgxfhg
e| rxu odehoohg uxoh +y, dqg uxoh +lll, dqg +y, ohdg wr wkh vdph ehkdylrxu rqo| li g @4 /
vlqfh/ li g @5 / dq lqglylgxdo vxuurxqghg/ vd|/ e| rqh qhljkerxu fkrrvlqj rslqlrq 4
zrxog fkrrvh rslqlrq 4 zlwk suredelolw| 4@7 xqghu uxoh +y,/ exw zlwk suredelolw| }hur
xqghu uxoh +lll,1
Zh surfhhg dv iroorzv1 Zh lqwurgxfh wkh iroorzlqj sduwldo rughu rq i3>4j~2
1Z h
vd| wkdw/ iru ￿>￿ 5i 3>4j~2
/ ￿ ￿ ￿ li ￿+{, ￿ ￿+{, iru doo { 5 ]21 Khuh diwhu s+{>￿,
dqg s+{>￿, ghqrwh wkh sursruwlrq ri qhljkeruv ri { idyrulqj 4 lq frq￿jxudwlrqv ￿
dqg ￿ uhvshfwlyho|1 Vlqfh i lv prqrwrqlfdoo| qrq ghfuhdvlqj/ li ￿+{, @ ￿+{, @3
wkhq i+s+{>￿,, ￿ i+s+{>￿,, +dqg/ frqyhuvho|/ li ￿+{, @ ￿+{, @4 > 4 ￿ i+s+{>￿,, ￿
4 ￿ i+s+{>￿,,,1 D v|vwhp zlwk vxfk surshuw| lv vdlg wr eh dwwudfwlyh +vhh Oljjhww/
4<;8/ s1467,1
Iurp Wkhruhp 516 lq Oljjhww +4<;8, dwwudfwlylw| lpsolhv wkdw ￿f dqg ￿￿ duh h{0
wuhph lqyduldqw phdvxuhv iru wkh surfhvv/ dv vwdwhg1 Wkdw wkhvh duh qrw wkh rqo| rqhv
49lv vkrzq e| frqvwuxfwlqj wkh iroorzlqj lqyduldqw phdvxuh h ￿= Ohw hdfk frruglqdwh ri
]2 eh lqgh{hg e| il>mj iru l @3 >4>=== dqg m @3 >4>===== Ghqrwh e| h ￿ wkh iroorzlqj
frq￿jxudwlrq ri rslqlrqv= ￿+{,@4iru doo/ dqg rqo| wkrvh/ { vxfk wkdw frruglqdwh l
lv srvlwlyh1 Ohw h ￿ dvvljq srlqwpdvv rqh rq h ￿1 Wr vhh wkdw h ￿ lv lqyduldqw lw vx!fhv wr
qrwlfh wkdw= d, doo { vxfk wkdw lA4 ru l?3 zrxog qhyhu  ls rslqlrq +vlqfh iru hdfk
ri wkhp s @3ru 4, dqg e, wkh vdph krogv iru wkh erughu ehwzhhq rqhv dqg }hurv
lq wkh frq￿jxudwlrq/ l1h1 doo { vxfk wkdw l @3 >4 +vlqfh iru hdfk ri wkhp s @4 @7 ru
6@7,1 h ￿ lv e| qr phdqv wkh rqo| vwdeoh frq￿jxudwlrq zkhuh erwk rslqlrqv fr0h{lvwv/
vlqfh lw fdq hdvlo| eh fkhfnhg wkdw dq| frq￿jxudwlrq lqyroylqj rqh frqqhfwhg edqg
+krul}rqwdo ru yhuwlfdo, ri zlgwk dw ohdvw wzr ri lqglylgxdov fkrrvlqj rslqlrq 4/d q g
rqh frqqhfwhg edqg ri zlgwk dw ohdvw wzr ri lqglylgxdov fkrrvlqj rslqlrq 3/ lv vwdeoh
xqghu uxoh +lll,1 Wkh gl!fxow| lq hvwlpdwlqj wkh suredelolw| ri rqh ri wkhvh rffxuulqj/
jlyhq d udqgrp lqlwldo frqglwlrq dqg iru d ￿qlwh dssur{lpdwlrq/ dulvhv iurp wkh idfw
wkdw dv wkh qxpehu ri lqglylgxdov lqfuhdvhv/ wkh suredelolw| ri hdfk vlqjoh frq￿jxud0
wlrq ghfuhdvhv/ exw wkh qxpehu ri srvvleoh frq￿jxudwlrqv wkdw |lhog fr0h{lvwhqfh dovr
jurzv1 Rq wkh edvlv ri wkh uhvxow ri Wkhruhp 7 wkdw iroorzv/ zh frqmhfwxuh wkdw/ li
Q lv d ￿qlwh dssur{lpdwlrq ri ]2 li wkh surfhvv lv vwduwhg e| d Ehuqrxool surgxfw
phdvxuh zlwk sdudphwhu ￿/ wkh suredelolw| ri zlwk zklfk fr0h{lvwhqfh rffxuv/ vhhq dv






Xqghu uxoh +ly, i+s, @ +4 ￿ ￿,4isA3=8j . ￿4is?3=8j .3 =84 is @3 =8j1 Wkh uxoh
khqfh suhvfulehv d frpsohwho| pl{hg ehkdylrxu rq wkh sduw ri lqglylgxdov wkdw pd|
dgrsw hlwkhu rslqlrq zlwk srvlwlyh suredelolw|1 Wkh uhvxow wkdw iroorzv vkrzv wkdw wklv
ehkdylrxudo uxoh lpsolhv wkdw wkh v|vwhp lv hujrglf/ lq wkh vhqvh wkdw vwduwlqj iurp
dq| lqlwldo glvwulexwlrq wkh dv|pswrwlf ehkdylrxu ri wkh surfhvv lv hqwluho| ghvfulehg
e| d xqltxh suredelolw| glvwulexwlrq/ odehoohg dv ￿B1 Wklv kdv ixoo vxssruw ryhu doo
srvvleoh frq￿jxudwlrqv dqg/ lq wkh rqh0glphqvlrqdo fdvh/ iru ￿ ehfrplqj vpdoo +dqg
khqfh iru uxoh +ly, dssurdfklqj uxoh +lll,,/ lw vkrzv wkdw wkh frq￿jxudwlrqv wkdw vkrz
frqvhqvxv rffxu zlwk kljkhu suredelolw| wkdq dq| rwkhu frq￿jxudwlrq1 Wkh uhvxow dovr
srlqwv rxw gl￿huhqw dv|pswrwlfv iru wkh wzr glphqvlrqdo surfhvv1
Wkhruhp 7 Ohw g @4 >5 dqg ￿ 5 +3> ￿
2‘= Li hdfk vlwh iroorzv uxoh +ly,/ wkhq wkh
surfhvv lv hujrglf/ lq wkh vhqvh wkdw vwduwlqj iurp dq| lqlwldo glvwulexwlrq ￿f wkh surfhvv




| @ ￿B iru dq| lqlwldo glvwulexwlrq ￿f
dqg=





￿B+s+{>￿,,+5￿+{, ￿ 4,+5￿+|, ￿ 4,‘ +5,
zkhuh N lv vxfk wkdw
S





iru s 9@3 =8
dqg htxdo wr d frqvwdqw n iru s @3 =8=




Hujrglflw| lv suryhg dv iroorzv1 Zlwk dqdorj| wr wkh surri ri Wkhruhp 6/ zh fdq
vkrz wkdw wkh surfhvv ￿B lv dwwudfwlyh iru ￿ 5 +3> ￿
2‘ dv dvvxphg 1 Iru g @4hujrglflw|
fdq wkhq eh suryhg rq wkh olqhv ri Ldqql dqg Fruudgl +5333,1 Iru g @5zh surfhhg dv
iroorzv1 Zh frqvwuxfw dq xsshu dqg orzhu ￿qlwh dssur{lpdwlrqv ri rxu surfhvv/ dqg
vkrz wkdw/ vlqfh wkh surfhvv lv dwwudfwlyh/ wkhvh frqvwlwxwh dq dssursuldwh frxsolqj/
iurp zklfk zh lqihu wkh vwdwhg olplw surshuwlhv1
Zh vkdoo frqvlghu d vhtxhqfh ri ￿qlwh v|vwhpv e| wdnlqj ￿+Q, @ ]__^￿Q@5>Q@5‘_
iru Q @5 >7>=====1+zkhuh zh uhjdug wkh odwwlfh ]_ dv iroghg wr irup d wruxv, dqg zh
ohw ￿+Q, eh ￿qlwh vhwv wkdw lqfuhdvh wr ]_> vxfk wkdw olp￿<" ￿+Q, @ ]_=
Zh gh￿qh wkh iroorzlqj ￿qlwh dssur{lpdwlrqv ri wkh surfhvv ￿ e| frqglwlrqlqj lw
rq wkh hyhqwv Hf @ i￿ = ￿+{,@3iru doo {@ 5 ￿+Q,j dqg H￿ @ i￿ = ￿+{,@4iru doo






i+s+{>￿,, li { 5 ￿+Q,
l li { @ 5 ￿+Q,
Zh ghqrwh wkh surfhvvhv gh￿qhg e| i￿
￿ e| V￿c￿+w,> zkhuh V￿c￿+w, lv htxdo wr
wkh ruljlqdo surfhvv iru { 5 ￿+Q,> dqg fkdudfwhul}hg e| doo frruglqdwhv vhw htxdo wr
l iru { @ 5 ￿+Q,= Ohw ￿fVfc￿+w, eh wkh odz ri wkh surfhvv fkdudfwhul}hg e| i￿
f zkhq
wkh lqlwldo glvwulexwlrq lv jlyhq e| doo 3 dw wlph 3 dqg ohw ￿￿V￿c￿+w, eh wkh odz ri wkh
surfhvv fkdudfwhul}hg e| i￿
￿ zkhq wkh lqlwldo glvwulexwlrq lv jlyhq e| doo 4 dw wlph 3=
Dv i lv dwwudfwlyh/ e| Wkhruhp 51: lq Oljjhww +4<;8,/ dovr i￿
￿ duh dwwudfwlyh dqg
￿fVfc￿+w, ￿ ￿wV+w, ￿ ￿￿V￿c￿+w,









|<"￿￿V￿c￿+w,@ o l p
|<"￿￿V+w,
Qrz qrwlfh wkdw wkh surfhvv uhvwulfwhg wr ￿+Q, fdq eh vhhq dv d ￿qlwh Pdunry fkdlq
dqg/ vlqfh ￿ 5 +3> ￿
2‘ wudqvlwlrq suredelolwlhv dprqj vwdwhv duh vwulfwo| srvlwlyh1 Dv d
frqvhtxhqfh ri wkh frqyhujhqfh wkhruhp iru ￿qlwh0vwdwh Pdunry fkdlqv/ lqghshqghqwo|
ri wkh lqlwldo glvwulexwlrq/ wklv surfhvv frqyhujhv wr lwv xqltxh lqyduldqw phdvxuh1 Ohw
wklv lqyduldqw phdvxuh eh ￿B> wkhq olp|<" ￿fVfc￿+w,@o l p |<"￿￿V￿c￿ @ ￿B= Dv








zklfk suryhv wkh ￿uvw vwdwhphqw1
Wkh h{solflw fkdudfwhul}dwlrq ri wkh olplw glvwulexwlrq uholhv rq wkh idfw wkdw i+s, lv
v|pphwulf dqg rq wkh lpsolhg uhyhuvlelolw| surshuwlhv ri wkh surfhvv1 Lw lv d vwudljkw0
iruzdug frpsxwdwlrq dorqj wkh olqhv ri Ldqql dqg Fruudgl +5333,/ sduw 4 ri Wkhruhp
41 Wkh idfw wkdw ￿B srvlwv kljkhu suredelolw| wr frq￿jxudwlrqv zkhuh frruglqdwhv whqg
wr djuhh zlwk wkhlu qhljkerxuv fdq hdvlo| eh vhhq e| qrwlflqj wkdw wkh vxp ri zklfk
lq htxdwlrq +5, lv wdnhq ryhu doo frxsohv ri qhduhvw qhljkerxuv dqg wkh dgghqgxp lv
htxdo wr rqh li frruglqdwhv djuhh/ l1h1 li ￿+{, @ ￿+|,/ dqg lv htxdo wr plqxv rqh li wkh|
gr qrw/ l1h1 li ￿+{, 9@ ￿+|,1 Wklv dprxqwv wr vd|lqj wkdw/ li g @4dqg/ vd| ￿+{, @3 >














dffruglqj wr zkhwkhu { lv vxuurxqghg e| wzr/ rqh ru }hur qhljkerxuv fkrrvlqj 3/
uhvshfwlyho|1 Khqfh/ iru dq| ￿A3/ ￿B+￿f, @ ￿B+￿￿, dqg/ vlqfh ￿B lv xsshu khplfrq0
wlqxrxv lq ￿/ olpB<f
>BE#￿
>BE#￿￿ @3iru doo ￿ 9@ ￿￿ iru l @3 >4= Vlqfh ￿￿ ghqrwh h{dfwo| wkh
phdvxuhv wkdw dvvljq srlqwpdvv rqh rq ￿￿ iru l @3 >4/ wkh vwdwhphqw iroorzv1 Qrwh
wkdw/ dowkrxjk wkh surfhvv lv hujrglf iru dq| srvlwlyh krzhyhu vpdoo ￿/ olpB<f ￿B lv
qrw1




























4<Lw lv vwloo fohduo| wuxh wkdw/ iru dq| ￿A3/ ￿B+￿f,@￿B+￿￿,> exw wkhvh duh qrw wkh
rqo| frq￿jxudwlrq iru zklfk wklv lv vr1 Lq idfw frqvlghu rqh ri wkh lq￿qlwho| pdq|
frq￿jxudwlrqv e ￿ zkhuh hdfk { lv vxuurxqghg e| h{dfwo| wkuhh qhljkerxuv djuhhlqj
zlwk {> wkdw lv iru zklfk s+{> e ￿, @4 @7 iru doo { vxfk wkdw e ￿+{, @3dqg s+{>e ￿, @6 @7
iru doo { vxfk wkdw e ￿+{, @4 1 Vlpsoh frpsxwdwlrq vkrzv wkdw dovr ￿B+e ￿, @ ￿B+￿f,1D v
d uhvxow olpB<f ￿B lv qrw d frqyh{ frpelqdwlrq ri wkh srlqwpdvvhv ￿f dqg ￿￿1
(    

Dffruglqj wr uxoh +y,/ i+s,@s> hdfk vlwh idyruv dq rslqlrq zlwk d suredelolw| htxdo
wr wkh iuhtxhqf| zlwk zklfk wkh rslqlrq lv vxssruwhg e| wkh qhljkerxuv1 Wklv uxoh
fdq eh lqwhusuhwhg dv sxuh lplwdwlyh ehkdylru/ lq idfw lw lv dv li hdfk vlwh gudzv dw
udqgrp rqh ri khu qhljkerxu dqg idyruv wkh vdph srvlwlrq1 Iru wkh fdvh ri g @4 /
qrwh wkdw uxoh +lll, dqg +y, suhvfuleh wkh vdph ehkdylru1 Zh vkdoo vhh wkdw zkhqhyhu
yrwhuv iroorz uxoh +y, frqvhqvxv dulvhv/ lq wkh vhqvh wkdw doo vlwh zloo hyhqwxdoo| djuhh
rq hlwkhu ri wkh wzr rslqlrqv1
Wkhruhp 8 Ohw g @4 >5= Li hdfk vlwh iroorzv uxoh +y,/ wkhq zh vkdoo kdyh frq0
vhqvxv/ wkdw lv olp|<" Su+￿|+{, @ ￿|+|,> ;{>| 5 ]_, @4 = Ixuwkhupruh/ li wkh
lqlwldo glvwulexwlrq lv d Ehuqrxool surgxfw phdvxuh zlwk sdudphwhu ￿ 5 +3>4,> wkhq
olp|<" ￿| @ ￿￿￿ . +4 ￿ ￿,￿f=
Surri1 Iurp Fr{ dqg Jul￿hdwk +4<;9/ s1683,1
Wkxv zh vkrxog h{shfw wr revhuyh dorqj wkh g|qdplfv wkh irupdwlrq ri odujhu dqg
odujhu duhdv idyrulqj wkh vdph fdqglgdwh1 Zh vkdoo fdoo foxvwhu d frqqhfwhg duhd ri
vlwhv kroglqj wkh vdph rslqlrq/ wkxv lq rqh glphqvlrq d foxvwhu lv d vhjphqw ri vlwhv
ri wkh vdph rslqlrq/ zkloh lq wzr glphqvlrq d foxvwhu lv d vtxduh ri vlwhv ri wkh vdph
rslqlrq1 Dv zh vkdoo hyhqwxdoo| uhdfk frqvhqvxv/ zh vkrxog h{shfw wkdw wkh foxvwhu
vl}h zloo lqfuhdvh ryhu wlph/ xqwlo doo wkh vlwhv lq wkh odwwlfh zloo ehfrph krprjhqhrxv1
Wklv lv lqghhg wkh fdvh/ dowkrxjk zh vkdoo vhh wkdw foxvwhuv jurz dw d udwkhu gl￿huhqw
udwh lq wkh rqh glphqvlrqdo dqg lq wkh wzr glphqvlrqdo fdvh1 Ohw gh￿qh F+￿|, wkh
phdq foxvwhu vl}h dw wkh ruljlq lq ]￿> wkdw lv
F+￿|, @o l p
?<"
5q
& foxvwhuv ri ￿| lq ^￿q>q‘
53dqg ohw gh￿qh E|+￿,>￿5 +3>4, wkh dyhudjh sursruwlrq ri vlwhv idyrulqj rqh lq d







Wkhruhp 9 Vxssrvh wkdw wkh lqlwldo glvwulexwlrq lv d Ehuqrxool surgxfw phdvxuh zlwk
sdudphwhu ￿ 5 +3>4,=
+l, g @4 = Wkh phdq foxvwhu vl}h F+￿|, jurzv dw udwh
s






+ll, g @5 = Dv w $4E|+￿,> dv gh￿qhg lq +6, zloo frqyhujh wr hlwkhu 4 ru 3> iru
vrph udqgrp ydoxh ri ￿ 5 +3>4,= Wkxv wkh phdq foxvwhu vl}h jurzv dw d udqgrp udwh
vorzhu wkdq
s
w> ru lq rwkhu zrugv wkh udqgrp ydoxh ri ￿ iru zklfk E|+￿, frqyhujhv
wr hlwkhu 4 ru 3 kdv phdq vwulfwo| ehwzhhq 3 dqg 4=
Surri1 +l, Iurp Eudpvrq dqg Jul￿hdwk +4<;3/ s14<4,1
+ll, Iurp Fr{ dqg Jul￿hdwk +4<;9/ s168;,/ dv w $4 >E |+=, frqyhujhv wr \*L}E￿*￿￿
wkh vhqvh ri frqyhujhqfh ri ￿qlwh glphqvlrqdo glvwulexwlrq1 \*L}E￿*k￿ lv d gl￿xvlrq
surfhvv +nqrzq lq wkh olwhudwxuh dv Zuljkw0Ilvkhu gl￿xvlrq, vroxwlrq wr wkh iroorzlqj
vwrfkdvwlf gl￿huhqwldo htxdwlrq
g\￿ @ \￿+4 ￿ \￿,g￿ .
t
\￿+4 ￿ \￿,gZ￿
zkhuh ￿ @o r j +4@￿,>Zlv d vwdqgdug Eurzqldq prwlrq/ dqg \￿ wdnhv ydoxhv lq ^3>4‘=
Gh￿qh ￿W @ ilqi ￿ = vxfk wkdw \￿ @4ru \￿ @3 j=￿ W lv d udqgrp yduldeoh fdoohg
devruswlrq wlph/ dqg lw ghqrwhv wkh ￿uvw wlph dw zklfk wkh gl￿xvlrq \￿ zloo klw hlwkhu
wkh ydoxh 4 ru 3= Qrwh wkdw e+|, @ |+4 ￿ |, lv wkh guliw dqg ￿2 @ |+4 ￿ |, lv wkh
yduldqfh ri wkh Zuljkw Ilvkhu gl￿xvlrq1 Dv w $4 >E |+=, frqyhujhv wr \*L}E￿*￿￿> li dw
vrph udqgrp wlph ￿W \￿ frqyhujhv wr hlwkhu 3 ru 4> wkhq wkhuh lv d udqgrp ydoxh ri
￿> htxdo wr h3￿W
> iru zklfk E|+￿, frqyhujhv wr hlwkhu 3 ru 4= Zh vkdoo surfhhg e| ￿uvw
vkrzlqj wkdw ￿ $4+l1h1 ￿ $ 3, \￿ zloo dssurdfk hlwkhu 3 ru 4 zlwk suredelolw| rqh1
Iluvw qrwh wkdw dv ￿ $ 4> prvw ri vlwhv zloo eh w￿*2 dsduw/ dqg vr olpk<￿E|+￿, @ ￿>








































54Jlyhq wkdw erwk L￿ dqg Lf duh ￿qlwh/ iurp Ixghqehuj dqg Kduulv +4<<5/ s175:0





￿3e32 = Wkxv dv ￿ $4\￿ zloo uhdfk hlwkhu 4 ru 3 zlwk
suredelolw| rqh/ dqg vr dv ￿ $ 3> iru w odujh/ olpk<￿E|+￿, frqyhujhv wr hlwkhu 3 ru 4
zlwk suredelolw| rqh1 Jlyhq wkdw/ lw iroorzv wkdw wkh h{shfwhg klwwlqj wlph vd| ￿W dw
zklfk \￿ zloo uhdfk hlwkhu 4 ru 3 lv ￿qlwh +vhh h1j1 Hwklhu dqg Nxuw}/ 4<;9/ s1754,1 Vr
wkhuh zloo eh dq h{shfwhg ￿qlwh ydoxh ri ￿> vd| ￿ 5 +3>4, iru zklfk E|+￿, frqyhujhv
wr hlwkhu 3 ru 4=
Iurp wkh sursrvlwlrq deryh zh vhh wkdw wkhuh lv d vxevwdqwldo gl￿huhqfh ehwzhhq
wkh foxvwhulqj surfhvv lq rqh ru lq wzr glphqvlrqv1 Lqghhg lq wkh rqh glphqvlrqdo fdvh/
krprjhqhrxv duhdv jurz dw udwh
s
w> zkloh lq wkh wzr glphqvlrqdo fdvh krprjhqhrxv
d u h d vj u r zd wdu d q g r pu d w hv o r z h uw k d qu d w h
s
w> lq sduwlfxodu wkhuh lv d orw ri
yduldelolw| lq wkh udwh ri jurzwk ri wkhvh duhdv1 Dv lq erwk fdvhv wkh foxvwhu vl}h
jurzv dw d udwh vorzhu wkdq w/ foxvwhuv dsshdu wr eh vwdwlrqdu| dorqj wkh g|qdplfv1
(   	    
   
Wklv sdshu vwxglhv ydulrxv yhuvlrqv ri d orfdoo| lqwhudfwlyh prgho ri rslqlrq irupdwlrq
gh￿qhg ryhu vsdfh dqg wlph/ dqg lqyroylqj d frxqwdeoh srsxodwlrq ri lqglylgxdov1 Wkh
xqghuo|lqj prgho irupdol}hv dq lqfhqwlyh rq wkh sduw ri hdfk lqglylgxdo wr frqirup
wr wkh rslqlrq khog e| wkh pdmrulw| ri khu qhljkerxuv/ l1h1 wkh vhw ri rwkhu lqglylg0
xdov zkr olyh dw Hxfolghdq glvwdqfh rqh iurp khu/ dqg zkrvh rslqlrqv duh revhuyhg1
Hdfk lqglylgxdo pd| uhylvh khu rslqlrq dw udqgrp Srlvvrq wlphv/ dqg zkhq vxfk dq
rssruwxqlw| dulvhv/ vkh fkrrvhv dq rslqlrq dffruglqj wr d uxoh1 Zh vwxg| wkh dv|ps0
wrwlf ehkdylrxu ri wkh lpsolhg djjuhjdwh surfhvv ri rslqlrq irupdwlrq xqghu gl￿huhqw
vshfl￿fdwlrqv ri wkhvh uxohv1
D frpprq ihdwxuh ri doo wkh uxohv zh vwxg| +l, 0 +y, lv wkh suhvhqfh ri orfdo
h{whuqdolwlhv lq rslqlrq irupdwlrq lq wkh vhqvh wkdw hdfk lqglylgxdo frqirupv wr wkh
rslqlrq khog e| wkh vwulfw pdmrulw| ri khu qhljkerxuv +zlwk suredelolw| rqh xqghu
uxohv +l,/ +ll, +lll, dqg +y, dqg zlwk kljk suredelolw| xqghu qrlv| uxoh +ly,,1 Wkh uxohv
gl￿hu lq wkh ehkdylrxu wkh| suhvfuleh lq fdvhv zkhuh d vwulfw pdmrulw| grhv qrw h{lvw1
Lq sduwlfxodu/ uxohv +lll,/ +ly, dqg +y, suhvfuleh v|pphwulf  ls udwhv/ zkloh uxoh +l, dqg
+ll, lpso| dv|pphwulf  ls udwhv wkdw ghshqg rq wkh klvwru| ri hdfk lqglylgxdo xqghu
uxoh +ll,/ dqg duh jlyhq h{rjhqrxvo| xqghu uxoh +l,1
Wkh suhvhqfh ri orfdo h{whuqdolwlhv lq rslqlrq irupdwlrq lv zkdw vxssruwv wkh wzr
55vwdwhv zkhuh doo lqglylgxdov dgrsw h{dfwo| wkh vdph rslqlrq +eh wkdw 3 ru 4, dv vwhdg|
vwdwhv ri wkh djjuhjdwh g|qdplfv xqghu doo ghwhuplqlvwlf uxohv +l,/ +ll, +lll, dqg +y,1
Krzhyhu/ zkloh xqghu uxohv +l,/ +y, dqg +lll, lq rqh glphqvlrq wkhvh wzr vwdwhv duh
wkh rqo| vwhdg| vwdwhv ri wkh surfhvv/ xqghu uxohv +ll, dqg +lll, lq wzr glphqvlrqv dq
lq￿qlwh qxpehu ri vwdwhv zkhuh erwk rslqlrqv duh dgrswhg pd| dovr eh vwdwlrqdu|1
Zh uhihu wr wkh iruphu rffxuuhqfh dv frqvhqvxv +lq wkh vhqvh wkdw d shupdqhqw vwdwh
ri djuhhphqw dprqj lqglylgxdov lv uhdfkhg,/ dqg wr wkh odwwhu dv fr0h{lvwhqfh +lq wkh
vhqvh wkdw shupdqhqw glvdjuhhphqw pd| eh revhuyhg dv|pswrwlfdoo|,1 Xqghu qrlv|
uxoh +ly, doo frq￿jxudwlrqv ri rslqlrqv pd| eh revhuyhg zlwk srvlwlyh suredelolw|/
dv srvwxodwhg e| wkh olplw glvwulexwlrq zh fkdudfwhul}h1 Dq lqwhuhvwlqj ihdwxuh wkdw
hphujhv lv wkdw zkloh lq wkh rqh glphqvlrqdo vshfl￿fdwlrq/ frqvhqvxv lv pruh *olnho|*
wr eh revhuyhg dw orz ohyhov ri qrlvh/ lq wkh wzr glphqvlrqdo vshfl￿fdwlrq wklv lv qr
orqjhu wuxh/ lq wkdw frqvhqvxv dqg fr0h{lvwhqfh pd| rffxu zlwk suredelolwlhv ri wkh
vdph rughu ri pdjqlwxgh1
Zkhqhyhu frqvhqvxv rffxuv/ zh duh deoh wr fkdudfwhul}h wkh udwh dw zklfk lw lv
dfklhyhg/ e| ghvfulelqj wkh lpsolhg surfhvv ri foxvwhulqj dprqj lqglylgxdov1 Wkh
lqwhuhvwlqj ihdwxuh wkdw hphujhv lv wkdw foxvwhuv rqo| jurz dw udwh
s
w= Zkdw wklv
phdqv lv wkdw li rqh revhuyhg wkh sdwk ri wkh surfhvv ri sxeolf rslqlrq dw dq| ￿qlwh
wlph/ rqh zrxog vhh odujh foxvwhuv ri lqglylgxdov kroglqj wkh vdph rslqlrq wkdw duh
doprvw vwdwlrqdu| dorqj wkh g|qdplfv1 Khqfh hyhq zkhq fr0h{lvwhqfh lv uxohg rxw
dv|pswrwlfdoo| +ehfdxvh frqvhqvxv rewdlqv,/ rqh zrxog vwloo revhuyh lw dorqj wkh sdwk/
dv d shuvlvwhqw/ |hw qrw vwdwlrqdu|/ skhqrphqrq1
Frpprq ihdwxuh ri doo wkh vshfl￿fdwlrqv ri wkh prghov zh vwxg| lq wklv sdshu duh
wkdw doo lqglylgxdov duh lghqwlfdo +iroorz h{dfwo| wkh vdph uxoh, dqg wkdw wkh orfdoo|
lqwhudfwlyh vwuxfwxuh lv v|pphwulf +lq wkh vhqvh wkdw lw lv d rqh ru d wzr glphqvlrqdo
odwwlfh,1 Khqfh wkh rqo| irup ri khwhurjhqhlw| dprqj lqglylgxdov vwhpv iurp wkh
idfw wkdw hdfk lqglylgxdo rqo| revhuyhv khu qhljkerxuv* rslqlrqv1 \hw/ ghvslwh wkhvh
xqghuo|lqj v|pphwulhv/ wkh sdshu vkrzv wkdw wkhvh gl￿huhqw vshfl￿fdwlrqv ri wkh uxohv
surgxfh yhu| gl￿huhqw dv|pswrwlfv iru wkh djjuhjdwh surfhvv ri rslqlrq irupdwlrq1
Lqwhuhvwlqj h{whqvlrqv ri wkhvh prghov lqyroyh h{solflwo| prghoolqj khwhurjhqhlwlhv
dprqj lqglylgxdov dqg zduudqw ixwxuh uhvhdufk1
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Dqghuolql/ O1 dqg D1 Ldqql +4<<9,/ ￿Sdwk Ghshqghqfh dqg Ohduqlqj Iurp Qhl0
jkerxuv/% Jdphv dqg Hfrqrplf Ehkdylru/ 46/ 47404::1
Edxpro/ Z1M1 +4<8:,/ ￿Lqwhudfwlrqv ehwzhhq Vxffhvvlyh Sroolqj Uhvxowv dqg Yrw0
lqj Lqwhqwlrqv/% Sxeolf Rslqlrq Txduwhuo|/ 54/ 64;06561
Ehqderx/ U1 +4<<6,/ ￿Zrunlqj ri d Flw|= Orfdwlrq/ Hgxfdwlrq dqg Surgxfwlrq/%
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ FYLLL/ 94<09851
Ehqderx/ U1 +4<<9,/ ￿Htxlw| dqg H!flhqf| lq Kxpdq Fdslwdo Lqyhvwphqw= Wkh
Orfdo Frqqhfwlrq/% Uhylhz ri Hfrqrplf Vwxglhv/ FYLLL/ 94<09851
Eoxph/ O1H1 +4<<6,/ ￿Wkh Vwdwlvwlfdo Phfkdqlfv ri Vwudwhjlf Lqwhudfwlrq/% Jdphv
dqg Hfrqrplf Ehkdylrxu/ 8/ 6;:07571
Eoxph/ O1H1 +4<<8,/ ￿Wkh Vwdwlvwlfdo Phfkdqlfv ri Ehvw0Uhvsrqvh Vwudwhj| Uhyl0
vlrq/% Jdphv dqg Hfrqrplf Ehkdylrxu/ 44/ 44404781
Eoxph/ O1H1 dqg V1Q1 Gxuodxi +5334,/ ￿Wkh Lqwhudfwlrq Edvhg Dssurdfk wr Vr0
flrhfrqrplf Ehkdylrxu/% lq lq ￿Vrfldo G|qdplfv/ +V1 Gxuodxi dqg K1S1 \rxqj
hgv,/ PLW dqg Eurrnlqj Lqvwlwxwlrq Suhvv1
Eurfn/ Z1 dqg V1Q1 Gxuodxi +5333,/ ￿Lqwhudfwlrq0Edvhg Prghov/% lq lq ￿Kdqg0
errn ri Hfrqrphwulfv/ +Y1M1 Khfnpdq dqg H1 Ohduqhu hgv,/ Qruwk0Kroodqg1
Eurfn/ Z1 dqg V1Q1 Gxuodxi +5334,/ ￿Glvfuhwh Fkrlfh zlwk Vrfldo Lqwhudf0
wlrqv/% Uhylhz ri Hfrqrplf Vwxglhv/ BB/ BB0BB1
Eudpvrq P1 dqg G1 Juliihdwk +4<;3,/ ￿Foxvwhulqj dqg Glvshuvlrq Udwhv iru
Vrph Lqwhudfwlqj Sduwlfoh V|vwhpv rq ]￿/% Dqqdov ri Suredelolw|/ ;/ 4;605461
Fruudgl/ Y1 dqg D1 Ldqql +5333,/ ￿D vlpsoh orfdoo| lqwhudfwlyh prgho ri hujrglf
dqg qrqhujrglf jurzwk/% / Xqlyhuvlw| ri Vrxwkdpswrq/ 33431
Fr{/ M1W1 dqg G1 Juliihdwk +4<;9,/ ￿Gl￿xvlyh foxvwhulqj lq wkh wzr glphq0
vlrqdo yrwhu prgho/% Dqqdov ri Suredelolw|/ 47/ 67:06:31
Fuhvsl/ L1 +4<<:,/ Wkh Sxeolf Rslqlrq Surfhvv/ O1H1D1 Sxeolvkhuv1
57Gxuodxi/ V1Q1 +4<<6,/ ￿Qrqhujrglf Hfrqrplf Jurzwk/% Uhylhz ri Hfrqrplf Vwxg0
lhv/ 93/ 67<06991
Gxuodxi/ V1Q1 +4<<9d,/ ￿D Wkhru| ri Shuvlvwhqw Lqfrph Lqhtxdolw|/% Mrxuqdo ri
Hfrqrplf Jurzwk/ 4/ :80<61
Gxuodxi/ V1Q1 +4<<9e,/ ￿Qhljkerukrrg Ihhgedfnv/ Hqgrjhqhrxv Vwudwl￿fdwlrq dqg
Lqfrph Lqhtxdolw|/% lq lq ￿G|qdplf Glvhtxloleulxp Prghoolqj= Surfhhglqjv ri
wkh Qlqwk Lqwhuqdwlrqdo V|psrvlxp rq Hfrqrplf Wkhru| dqg Hfrqrphwulfv/
+Z1 Eduqhww/ J1 Jdqgroir dqg F1 Kloolqjhu hgv,/ Fdpeulgjh Xqlyhuvlw| Suhvv1
Hwklhu/ V1Q1 dqg W1J1 Nxuw} +4<;9,/ Pdunry Surfhvvhv= Fkdudfwhul}dwlrq dqg
Frqyhujhqfh/ Zloh|1
Ixghqehuj/ G1 dqg F1 Kduulv +4<<5,/ ￿Hyroxwlrqdu| g|qdplfv zlwk djjuhjdwh
vkrfnv/% Mrxuqdo ri Hfrqrplf Wkhru|/ 8:/ 753076<1
Hoolvrq/ J1 +4<<6,/ ￿Ohduqlqj/ Orfdo Lqwhudfwlrq/ dqg Frruglqdwlrq/% Hfrqrphw0
ulfd￿ 94/ 437:043:41
Hoolvrq/ J1 +5333,/ ￿Edvlqv ri Dwwudfwlrq/ Orqj0Uxq Vwrfkdvwlf Vwdelolw|/ dqg wkh
Vshhg ri Vwhs0e|0Vwhs Hyroxwlrq/% Wkh Uhylhz ri Hfrqrplf Vwxglhv/ 9:/ 4:0781
Khqvfkho/ U1O1 dqg Z1 Mrkqvwrq +4<;:,/ ￿Wkh hphujhqf| ri edqgzdjrq hi0
ihfwv= d wkhru|/% Wkh Vrflrorjlfdo Txduwhuo|/ 5;/ 7<608441
Ldqql/ D1 dqg Y1 Fruudgl +5333,/ ￿Frqvhqvxv/ Frqwdjlrq dqg Foxvwhulqj lq d
vsdfh0wlph prgho ri Sxeolf Rslqlrq Irupdwlrqv/% Xqlyhuvlw| ri Vrxwkdpswrq/
333<1
Ohh/ L1K1 dqg D1 Ydohqwlq|l +5333,/ ￿Qrlv| Frqwdjlrq Zlwkrxw Pxwdwlrqv/%
Wkh Uhylhz ri Hfrqrplf Vwxglhv/ 9:/ 7:0891
Oljjhww/ W1P1 +4<;8,/ Lqwhudfwlqj Sduwlfoh V|vwhpv/ Vsulqjhu0Yhuodj1
PfDolvwhu L dqg G1W1 Vwxgodu +4<<4,/ ￿Edqgzdjrq/ Xqghugrj/ ru Surmhf0
wlrqB Rslqlrq Sroov dqg Hohfwrudo Fkrlfh lq Eulwdlq 4<:<04<;:/% Wkh Mrxuqdo
ri Srolwlfv/ 86/ :530:741
Pruulv/ V1 +5333,/ ￿Frqwdjlrq/% Wkh Uhylhz ri Hfrqrplf Vwxglhv/ 9:/ 8:09;1
58Qdghdx/ U1H1/ H1 Forxwlhu dqg M1K1 Jxd| +4<<6,/ ￿Qhz hylghqfh derxw wkh
h{lvwhqfh ri d edqgzdjrq h￿hfw lq wkh rslqlrq irupdwlrq surfhvv/% Lqwhuqdwlrqdo
Srolwlfdo Vflhqfh Uhylhz/ 47/ 53605461
Vlprq/ K1D1 +4<87,/ ￿Edqgzdjrq dqg Xqghugrj H￿hfwv dqg wkh Srvvlelolw| si
Htxloleulxp Suhglfwlrqv/% Sxeolf Rslqlrq Txduwhuo|￿ 4;/ 57805861
]xfnhupdq/ D1V1/ Q1D1 Ydohqwlqr dqg H1Z1 ]xfnhupdq +4<<7,/ ￿D vwuxf0
wxudo Wkhru| ri Yrwh Fkrlfh= Vrfldo dqg Srolwlfdo Qhwzrunv dqg Hohfwrudo Iorzv
lq Eulwdlq dqg lq wkh Xqlwhg Vwdwhv/% Wkh Mrxuqdo ri Srolwlfv/ 89/ 433;043661
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